Beyond the Elliptic Genus by Alvarez, O & Singer, I M
April 2001 UMTG{228
hep-th/0104199









Massachusetts Institute of Technology
77 Massachusetts Avenue, Rm. 2–387
Cambridge, MA 02139 USA
Abstract
Given a Riemann surface Σ and a riemannian manifold M with certain restric-
tions, we construct a cobordism invariant of M . This invariant is a generalization






The analytic index of an elliptic dierential operator D : C1(E+) ! C1(E−) between
vector bundles over a manifold M is dened as
Index (D) = dim kerD − dim cokerD : (1.1)
This index can be computed by using heat evolution operators. There are two natural
laplacians associated with the elliptic operator D:
+ = D
D : C1(E+) ! C1(E+) ; (1.2)
− = DD : C1(E−) ! C1(E−) : (1.3)
The index may be expressed as
Index (D) = Tr exp (−t+)− Tr exp (−t−) ; t > 0; (1.4)
because if + = , then −(D) = (D). Thus all but the 1 eigenvalues of
e−t∆+ cancel those of e−t∆− in the dierence of the traces. The cancellation is incom-
plete because one cannot identify kerD with kerD. Using heat operators leads one
to attempt to nd a classical quantum mechanics problem with the laplacians being
the hamiltonians. The end result is supersymmetric quantum mechanics which has a
supersymmetric path integral formulation [?, ?, ?].
We can go beyond quantum mechanics to quantum eld theory and ask whether
there are generalizations of the index theorem. In the context of (1 + 1) dimensional
quantum eld theories, the answer is yes in the form of the elliptic genus [?, ?, ?, ?, ?].
For a survey of the mathematical literature look in [?]. The (1 + 1) dimensional eld
theory is formulated on a torus where there is a notion of a hamiltonian, i.e., lapla-
cian. Formally, the elliptic genus is the S1-index of a formal dierential operator, the
Dirac-Ramond operator, the Dirac operator with potential function Cliord multipli-
cation by x0() on the loop space LM . If one goes beyond genus one the Hamiltonian
interpretation is lost, but there is still a path integral. Can one make any sense of this
path integral as some generalization of the index and what is it? In this paper we show
that the semiclassical approximation of the path integral gives a cobordism invariant
generalizing the elliptic genus to the case of genus g > 1.
In Section 2 we review the supersymmetric sigma model, its action and partition
function. We explain in Section 3 conditions needed on the target manifold to cancel
anomalies and make the path integral formally well dened. We derive the semiclassical
approximation in Section ??, obtaining the semiclassical partition function as a ratio
1
of determinants in (??). The semiclassical limit is \topological" but not a topological
quantum eld theory [?, ?].
We derive a dierential equation for one of these determinants in Section ?? and use
it to ultimately compute the determinant in terms of #-functions whose characteristics
are determined in Appendix ??. We identify the #-function with a cross section of our
determinant line bundle in Section ??. Using an explicit construction of the determi-
nant line bundle (Section ??) we compute det1?2− in Section ?? (Theorem ??). In
Section ?? we discuss our nal formula which gives a cobordism invariant generalizing
the elliptic genus as we explain. There we obtain a simple \relative invariant" by taking
ratios.
In the appendices we tried to make explicit known material in algebraic geometry.
The body of the paper was written over two years ago. We had hoped to exhibit our
semiclassical partition function explicitly as a nonholomorphic section of a holomorphic
line bundle over spin moduli space. We did not succeed in doing so. In the meantime
line bundles over jacobians have received considerable attention because of M-theory
(partition functions for self-dual elds and chiral anomalies). Though we are aware of
some of these developments [?, ?], we have not incorporated their viewpoint into our
computations.
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2 The Supersymmetric Sigma Model
2.1 The bosonic model
Let  be a Riemann surface of genus1 g and let M be a connected and oriented
riemannian manifold of dimension d. Consider a map X :  ! M ; then the classical




hdX; dXi ; (2.1)
1We use g for both the genus of Σ and the metric on M .
2
where dX denotes the dierential map dX : T ! TM . The natural inner product
induced by the riemannian structures is denoted by angular brackets. If (x1; x2) are
real local coordinates2 on  and if we abuse notation and also denote local coordinates


















µ ^ @X(x)ν : (2.3)
In the rst line, γab(x)dx
a⊗ dxb is the riemannian metric on , and gµν(X)dXµ⊗ dXν
is the riemannian metric on M . In the second line we have exploited the complex
structure on  induced by its riemannian structure to write the action in a way that
depends manifestly only on the complex structure.
2.2 The supersymmetric model
The chiral Dirac operator on a Riemann surface @1/2 : 
1/2,0() ! 1/2,1() has
numerical index zero. It is also a skew symmetric operator and consequently has
a mod 2 index, (dim ker @1/2) mod 2 which is a topological invariant. An even spin
structure is one where dim ker @1/2 = 0 mod2 and an odd spin structure is one where
dim ker @1/2 = 1 mod2, see [?].
The supersymmetric version of action (2.1) requires the introduction of a fermionic
eld  which is a section of the bundle K1/2⊗X(TM) where K is the canonical bundle
on . We have to pick a square root of the canonical bundle, i.e., a spin structure s
on . Later we will see that we have to pick an odd spin structure. Let

rX be the
induced Riemannian covariant dierential3 on the bundle K1/2⊗X(TM). If we use the
complex structure on  and decompose the tangent bundle as T = T 1,0T 0,1 then






r0,1X . In local coordinates,






is given by ( 
r0,1X  
)µ










λν are the Christoel symbols for the Riemannian connection on TM .
2Our notation is that d2x = dx1 ^ dx2.
3The X subscript is introduced to emphasize that the operator depends on the map X .
3
The supersymmetry transformation laws are
X =  (2.6)
 = @zX ; (2.7)
where  is a local holomorphic section4 of K−1/2. For the mathematicians, X should
be interpreted as a tangent vector to the space of maps Map (;M), i.e., a cross
section of X(TM). The naive supersymmetric action may be written in local complex
coordinates as













































For the moment, we take B = 1
2
BµνdX
µ ^ dXν to be a real 2-form5 on M with




µ ^ dXν ^ dXρ : (2.12)
We will be more precise later on the exact interpretation of the B term. For now
suces to say that it is required for anomaly cancellation.
The action is not invariant under supersymmetry in genus larger than one. For








For the supersymmetry to be a symmetry of this action, must be holomorphic and this
only happens in genus zero or genus one. Note that in genus one, a constant  tells us
that  must belong to an odd spin structure, a consequence of the SUSY transformation
laws and the periodicity of X around any cycle in . Therefore the eld  is periodic
4There are no global holomorphic sections for genus g > 1. This problem will be addressed shortly.
5B is not really a 2-form, see the discussion in [?, ?, ?].
4
on a torus, the boundary condition that is consistent with supersymmetry. For genus
g > 1, there is no global supersymmetry and one can only talk about supersymmetry
locally. The classical holomorphic supercurrent is of type (3=2; 0).
The above action denes a sensible classical conformal eld theory. Quantum me-
chanically, this is not so. Firstly, there are global fermionic anomalies as discussed in
[?, ?] and local Adler-Bell-Jackiw anomalies associated with gauge transformations in
TM . The IB term is used to eliminate these anomalies. Secondly, due to the conformal
anomaly, the above is not in general a conformal eld theory. But we will only use the
semiclassical approximation about a constant background, which is a conformal eld
theory.
3 The Supersymmetric Path Integral
3.1 Full theory
The path integral for action (2.8) involves integrating over all maps from  to M and
integrating over all fermionic sections of K1/2 ⊗ X(TM). Since the fermions enter
quadratically, we can perform the fermionic integral obtaining the following formal
expression for the partition section
Z(gµν ; γab; s) =
∫
Map (Σ,M)






dz ^ dz [gµν(X(z)) +Bµν(X(z))] @zXµ@z¯Xν
}
: (3.1)












This is a metric compatible connection with torsion. In the expression for the partition
section (3.1), pf (r0,1X ) is the pfaan section of the pfaan line bundle PF (r0,1X ). We
emphasize that the partition section depends on the metric on the target space M , the
metric on the Riemann surface , and the spin structure s of the Riemann surface.
The expression for the partition section Z may be interpreted as an averaging of
the pfaan section over Map (;M). This can be done only if the pfaan line bundle
is a trivial line bundle over Map (;M). If not we have an anomaly in the sigma
model as discussed in [?, ?]. General arguments tell us that the determinant line
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